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| THREE DIMENSIONAL GEOMETRY (3-D) | Page # 3

A.

DISTANCE BETWEEN TWO POINTS

Let P and Q be two given points in space. Let the co-ordinates of the points P and Q be (x;, y; z;) and
(X5, Y2, Z5) With respect to a set OX, OY, OZ of rectangular axes. The position vectors of the points P

and Q are given by Op = x;i +v;j + 2,k and 0Q = X,} + Y, + 2,k
Now we have pPQ=0Q-0P - = (X2] +Y,] + Z5k) = (X;] +Yyij + Z;k)

= (X = X%Xy) | - (yZ_Y1)’J:_(22_21)|2'

PQ = |PQ|= \/(Xz ~x1)? +(y2 —y1)? + (2o - 21)

Distance (d) between two points (x,, y,, z,) and (x,, Y,, Z,) is

d= \/(Xz = %)%+ (Y2 — Y1) + (2, - 2,)°

SECTION FORMULA

myX; + MX, myy, + My, m,z, +myZ,
27T 172 2017 12 g = —21- 172

= m,+m, YT mp+m, 7 m, +m,

(for external division take -ve sign)

To determine the co-ordinates of a point R which divides the joining of two points P(x,, y,, z;) and
Q(X5, Y5, Z,) internally in the ratio m; : m,. Let OX, OY, OZ be a set of rectangular axes.

The position vectors of the two given points P(x;, ¥;, Z;) and Q(X,, Y5, Z,) are given by

OP =X +V1] + 2k (1) and 0Q =X + V2] + 2k e(2)
m, m,
P R Q
(Xl1y1121) (X21y2122)
Also if the co-ordinates of the point R are (x, y, z), then aq' = Xj + y] +Zg. (3)

Now the point R divides the join of P and Q in the ratio m; : m,, so that

. . . . ﬁ_m1®+m2@

Hence m,PR=mRQ or m,(OR-OP) =m; (OQ-OR) or  m+m,

(MyXp +MyXy) T+ (Myyp +Mayy) ] +(Myz, +myzy)K
(ml+m2)

or Xj+yj+zg= [Using (1), (2) and (3)]

m, X, + MyX, myy, +myy, m,z, +m,z,
= Z =
m+m, ‘Y m,+m, m, +m,

Comparing the coefficients of §,]j, we get x =

Remark : The middle point of the segment PQ is obtained by putting m; m,. Hence the

1 1 1
co-ordinates of the middle point of PQ are E(Xl + XZ)’E(yl + yZ)!E(Zl +2,)
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Page # 4 THREE DIMENSIONAL GEOMETRY (3-D) |

CENTROID OF A TRIANGLE :

Let ABC be a triangle. Let the co-ordinates of the vertices A, B and C be (X, Yy, Z1), (X3, Y2, Z5)
and (x5, Y3, Z3) respectively. Let AD be a median of the AABC. Thus D is the mid point of BC.

Xo+Xg Yo+Yg Zo+2Z
The co-ordinates of D are ( 22 3, 22 3, 22 3)

Now if G is the centroid of AABC, then G divides AD in the ratio 2 : 1. Let the co-ordinates of G be

2.()(2 +X3j+1.x1
2

Xq + Xy + X3 A
X, Y, Z). Then x= ,or x=—1-"2"73
>y, 2) 2+1 X 3

. - 1 l
Similarly y = > (yp+y,tvy3),z= Py (zy + 2, + 23).

CENTROID OF A TETRAHEDRON :

Let ABCD be a tetrahedron, the co-ordinates of whose vertices are (x,, y,, z,), r =1, 2, 3, 4.
Let G, be the centroid of the face ABC of the tetrahedron. Then the co-ordinates of G, are

Xy + Xy +Xg Y1 +Yo+Ys Zy+2Z, + 25
3 3 3

The fourth vertex D of the tetrahedron does not lie in the plane of AABC. We know from statics that
the centroid of the tetrahedron divides the line DG, in the ratio 3 : 1. Let G be the centroid of the
tetrahedron and if (x, y, z) are its co-ordinates, then

X1+ Xy +X
3.M+1.X4

Xy +Xp+Xg+Xg e 1 1
= 3+1 orx == 4 % Similarly y=y (Yi+Y2+Y3+Ys), Z_Z (zy + 2, + 23+ 2).

Ex.1 P is a variable point and the co-ordinates of two points A and B are (-2, 2, 3) and (13, -3, 13)
respectively. Find the locus of P if 3PA = 2PB.
Sol. Let the co-ordinates of P be (%, vy, z).
. PA = \/(x + 2)2 +(y - 2)2 +(z - 3)2 (1) and PB = \/(x —13)2 +(y + 3)2 +(z - 13)2 . (2)
Now it is given that 3PA = 2PBi.e., 9PAZ = 4PB2, ....(3)
Putting the values of PA and PB from (1) and (2) in (3), we get
H{(x+2)2+(y-2)2+(z-3)2r=4{(x-13)2+ (y + 3)2+ (z-13)%}
or 9{x2+y2+22+4x-4y -6z + 17} =4{x2 +y2 + z2 - 26x + 6y — 26Z + 347}
or 5x2+4+5y2+ 522+ 140x-60y +50z-1235=0 or x2+y2+2z2+28x-12y+10z-247=0
This is the required locus of P.
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THREE DIMENSIONAL GEOMETRY (3-D) | Page # 5

Ex.2 Find the ratio in which the xy-plane divides the join of (-3, 4, -8) and (5, -6, 4). Also find the point of
intersection of the line with the plane.

Sol. Letthe xy-plane (i.e., z = 0 plane) divide the line joining the points (-3,4, -8) and (5, -6, 4) in the ratio
u: 1, in the point R. Therefore, the co-ordinates of the point R are

5u0-3 -6p+4 4u-8
p+l ' p+l o+l (1)
But on xy-plane, the z co-ordinate of R is zero
(4p-8)/(p+1)=0, orp=2.Hence p:1=2:1. Thus the required ratiois 2 : 1.
Again putting p = 2 in (1), the co-ordinates of the point R become (7/3, -8/3, 0).

Ex.3 ABCD is a square of side length ‘a’. Its side AB slides between x and y-axes in first quadrant. Find the
locus of the foot of perpendicular dropped from the point E on the diagonal AC, where E is the midpoint
of the side AD.

Sol. Let vertex A slides on y-axis and vertex B slides on x-axis coordinates of the point A are
(0, a sin 06) and that of C are (a cos 6 + a sin 0, a cos 0) A D

E
a o a 3a
In AAEF, AF = —C0845°=—= and FC = AC - AF = 22 - °2
2 22 272 242 45°
AF : F 2 .3 1
= APFC=oR 22 T3 50"
= Let the coordinates of the point F are (X, y) 5 >X
3x0+1(acosO+asinb) a(sinb+coso)
= X= =
4 4
4x . 3asin®+acos6 4y .
= — =sin0+cosoO ...(1) and y = = —— = 3sin 0+ c0s 0...(2)
a 4 a
2(y —x 6x -2
Form (1) and (2), sin 0 = % and cos 0 = y
a2
= (y-X)2+ (3x-y)3= 7 is the locus of the point F.

C. DIRECTION COSINES OF A LINE
If a, B, y are the angles which a given directed line makes with the positive directions of the axes. of x,
y and z respectively, then cos a, cos B cos y are called the direction cosines (briefly written as d.c.’s)
of the line. These d.c.’s are usually denote by 7/, m, n.

Let AB be a given line. Draw a line OP parallel to the line AB and passing through the origin O. Measure
angles a, B, v, then cos a, cos B, cos y are the d.c.'s of the line AB. It can be easily seen that /, m, n,
are the direction cosines of a line if and only if /] + m] + n is a unit vector in the direction of that line.
Clearly OP'(i.e. the line through O and parallel to BA) makes angle 180° - «, 180°- B, 180° - y with OX,
OY and OZ respectively. Hence d.c.’s of the line BA are cos (180° - a), cos (180° - B), cos (180° - v)
i.e., are —cos a, —C0S B, — COS 7.
If the length of a line OP through the origin O be r, then the co-ordinates of P are (/r, mr, nr) where /,
m, n are the d c.'s of OP.
If /, m, n are direction cosines of any line AB, then they will satisfy /2 + m2 + n2 = 1.
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DIRECTION RATIOS:
If the direction cosines 7, m, n of a given line be proportional to any three numbers a, b, ¢ respectively,
then the numbers a, b, c are called direction ratios (briefly written as d.r.'s of the given line.

RELATION BETWEEN DIRECTION COSINES AND DIRECTION RATIOS:
Let a, b, c be the direction ratios of a line whose d.c.'s are ¢/, m, n. From the definition of d.r.s. we
have //a = m/b = n/c = k (say).Then ¢/ = ka, m = kb, n = kc. But /2+ m2+ n2=1.

1
k2(a2+b2+c?)=1,ork2=1/(a2+ b2+ c2) ork =+ ——v.
(@® +b? +c?)
a b
Taking the positive value of k, we get / = , M= ,h = _c
J(@2 +b? +¢?) V(@2 +b? +¢?) (@% +b? +c?)
-a -b -C

Again taking the negative value of k, we get (= ——————=, m= ,N= .
J@+b?+c?) J@+b?+c?) (@ +b? +c?)

Remark. Direction cosines of a line are unique. But the direction ratios of a line are by no means
unique. If a, b, c are direction ratios of a line, then ka, kb, kc are also direction ratios of that line where

k is any non-zero real number. Moreover if a, b, c are direction ratios of a line, then aj + b] +ck isa

vector parallel to that line.

Ex.4 Find the direction cosines / + m + n of the two lines which are connected by the relation /+ m+n =0
and mn - 2n/ -2/m = 0.
Sol. The givenrelationsare/+ m+n=0o0or/=-m-n ...(1) and mn-2n/-2/m=0 ...(2)

Putting the value of ¢ from (1) in the relation (2), we get
mn-2n(-m-n)-2(-m-n)m=0 or 2m2+5mn+ 2n2=0 or (2m+n) (m + 2n) = 0.

m 1 { —-m-n m

—=——and -2. From (1), we have —= =—— -1 ..(3)

n 2 n n n
Nowwhen ™ = - L 3vaiven Lo L4 1 m_n o L_n

owwenn— 2,()glvenn—2 =5 1~ 27 an 1- 7

/ m _ n (1? +m? +n?) 1 1 1 -2
ie. 77757 ~ The d.c.'s of one line are ===

11 2 J@2i?e2 V6 J6' V6 V6

) m . 0
Again when 5= -2, (3) given P 2-1=1.

f m _n (? +m? +n?) 1 1 -2 1
ihe. 75777 - The d.c.’s of the other line are == 7= .

12 1 222412 VB V6' V66
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Ex.5
Sol.

To find the projection of the line joining two points P(x,, y,, z;) and Q(x,, y,, ;) on the another
line whose d.c.'sare /, m, n.

Let O be the origin. Then Oop =%, +vy;j + 23k andOQ =%, | +Y,j + 2 k-
PQ=0Q-0P = (X3 = X)i + (V2= ¥1) | + (2, - 2))k-
Now the unit vector along the line whose d.c.’s are /,m,n =/i+mj+ng.
projection of PQ on the line whose d.c.'s are /, m, n
=[(Xy=%Xy) T+ (VoY) ]+ (2Z-2) k1 U5+ mj+ng)=00%-%X)+m(y, -y, +n(z, - z).

a,a, +bb, +c.c,

(@2 +b? +c?)y/(@2 +b% +c?)

The angle 6 between these two lines is given by cos 0 = \/

If £,, my, n; and £, , m,, n, are two sets of real numbers, then
(£,2 + m;2 + n,2) (4,2 + my2 + ny2) - (4,4, + mym, + nyn,)?
= (myn, - myny)2 + (nyl, — nyéy)2 + (4ym, - £,m,)?
Now, we have
sin20=1-cos?20=1- ({4, + m;m, + n;n,)? = (£;,2 + m,;% + n,?) (4,2 + m,2 + n,2) = (4,4, + m;m, + n,n,)?

2 2 2
n 1 n 14
= (m;n, - myn;)? + (N4, - ny¢,)? + (4ym, - £,m,;)? = rrnl nl + gl nl + £1 rr;'l
2 12 2 '2 2 2
Condition for perpendicularity = (i, + mim, + nyn, = 0.
- : & _b_¢
Condition for parallelism = (=4, m =my N, =n,. = a, - b, - c,

Show that the lines whose d.c.'s are given by / + m + n = 0 and 2mn + 3/n - 5/m = 0 are at right angles.
From the first relation, we have / = -m - n. ...(1)

Putting this value of /7 in the second relation, we have

2mn+ 3 (-m-n)n-5(-m-n)m=0o0r5m2+4mn-3n2=0o0r5(m/n)2+4(m/n)-3=0....(2)
Let ¢,, my, ny and /5, m,, n, be the d,c,’s of the two lines. Then the roots of (2) are m;/n; and m,/n,.
mm;_ 3 mm, nn,

product of the roots = n—lg T or 3 = 5 ....(3)

Again from (1), n = - / —= m and putting this value of n in the second given relation, we have
2m (-¢/-m) + 3/(-¢ - m) - 5/m =0 or3(¢//m)2 + 10 (//m) + 2 =0.

flp 2 il _Mmy
m m, 3 2 3

laly _mymy My,
2 3 -5

From (3) and (4) we have = k (say)

Ly + mm, + nn, =(2+ 3-5)k=0.k=0. = The lines are at right angles.

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564 M 0 T<i> 0 N?Er;[:;g”»‘;;
IVRSNo. 0744-2439051, 0744-2439052, 07442439053, www.mationiitj ee.com, email-info@motioniitjee.com

Nurturing potential through education




Page # 8 THREE DIMENSIONAL GEOMETRY (3-D) |

Remarks:
(a) Any three numbers a, b, c proportional to the direction cosines are called the direction ratios

ie. 3 b ¢ m same sign either +ve or -ve should be taken throughout.

Note that d.r’s of a line joining x,, y,, z, and x,, y,, z, are proportional to x, - x,, y, - y, and

zZ, -z
2 1
(b) If 6 is the angle between the two lines whose d.c’s are /,, m,, n, and /,, m,, n,
cos6= (4, + mm,+nn,
Hence if lines are perpendicular then ¢,/, + m m, + n,n, = 0.
Lm0
if lines are parallel then 7~ =~ =
P l, my, n, (Xzs ¥a» Z,)
(X1, Y1, Z4)
o mp o m ; :
Note that if three lines are coplanar then |2 M2 N2| = o -
3 M3 ng id.c’s
Z,m,n

(c) Projection of the join of two points on a line with d.c's /, m,n are

(X, = %))+ m(y, -y,) + n(z, - 2))
(d) 1f ¢,, my, ny and /5, m,, n, are the d.c.’s of two concurrent lines, show that the d.c.’s of two lines
bisecting the angles between them are proportional to /; = ¢,, m; £ m,, n; £ n,.

AREA OF A TRIANGLE

Show that the area of a triangle whose vertices are the origin and the points A(x;, y;, z;) and

. 1
B(X5, Y5, Z5) is E\/(y122 ~Y221)? + (29X — Z5%9)? + (XqY2 — Xay1)? .

The direction ratios of OA are x;, Y, z; and those of OB are x,, Y5, Z,.

Also OA = \/(x1—0)2 +(y;—0)? +(z,-0)% = \/(xf +y? +22)

and OB = |[(x, ~0)% + (y, —0)2 + (2~ 0)> = (X3 +y3 + 23) -

Xy Y1 Zy

1y +22) JOC +y2+22) A +yE+22)

the d.c.” s of OA are \/(XZ
1

X3 Y, Z,

+y3+25) OG+y3+23) OG+yi+2)

and the d.c.'s of OB are \/(XZ
2

Hence if 0 is the angle between the line OA and OB, then

sind = \/{Z(ylzz _y222)2} _ \/{Z(Y122 - yzzl)z}

\/(Xf +Y7 +Zf)\/(X§ +y5+125) - OA.OB
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Ex.6
Sol.

Ex.7

Sol.

Hence the area of AOAB

N

.OA.OBsin® [-+ ZAOB = 0]

(a2, - Y22,))
OAOB

= — . OA. OB.

N[

= %\/{E(yIZZ ~Y22,)%} .

Find the area of the triangle whose vertices are A(1, 2, 3), B(2, -1, 1)and C(1, 2, -4).
Let A,, A, A, be the areas of the projections of the area A of triangle ABC on the yz, zx and

xy-planes respectively. We have

y1 z;7 1 2 31 X1 z;7 1 1 3
A=1y21=1—111=£‘- A=1x21=£21
x = oYz 22 2 > y = 5|22 22
y3 Z3 1 2 41 X3 z3 1 1 4
1% y1 1] q]1 2 1
A =—|X Yo 1l|==[2 -1 1
2= 5|72 Y2 2
X3y31 1 21

. 7~/10 .
=0 . the required area A = \[[AZ +A7 +A7] = \/2_ sg. units.

A plane is passing through a point P(a, -2a, 2a), a = 0, at right angle to OP, where O is the origin to

meet the axes in A, B and C. Find the area of the triangle ABC.

OP = a? +4a”® +4a®> = |3al.

Equation of plane passing through P(a, -2a, 2a) is
A(x -a) + B(y + 2a) + C(z-2a) = 0.

- the direction cosines of the normal OP to the
plane ABC are proportional to
a-0,-2a-0,2a-0i.e. a, -2a, 2a.

AZ

C(0, 0, 9a/2)

, —2a, 2a)

= equation of plane ABC is _* B(0, -9a/2, 0)
a(x -a)-2a(y +2a)+2a(z-2a)=0 O y
or ax - 2ay + 2az = 9a? (1)
Now projection of area of triangle ABC on ZX, XY and YZ A(9a, 0, 0)
planes are the triangles AOC, AOB and BOC respectively. X
. (Area AABC)? = (Area AAOC)? + (Area AAOB)? + (Area ABOC)?
1 2 1 2 2
=|=.A0.0C| +|=.A0.BO| +|=.B0O.0OC
2 2 2
2 B 2 B 2 2 4
=1 9a.ga + 9a.—9 + —ga.ga 21’81a 1+1+l
4 2 2 2 2 4 4 4
9° 3 , 243,
= (Area AABC)? = F a* = Area of AABC = 2—3a =?a .
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(M

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)

PLANE

General equation of degree one in x, y, zi.e. ax + by + cz + d = 0 represents a plane.

Equation of a plane passing through (x,, y,, z,)isa(x - x,) + b (y-y,) +c(z-2) =0
where a, b, c are the direction ratios of the normal to the plane.

X 'y z
Equation of a plane if its intercepts on the co-ordinate axes are x,, y,, z, is ottt =1,

X1 Y1 4y
Equation of a plane if the length of the perpendicular from the origin on the plane is ‘p’ and d.c’s of the

perpendicularsas /, m, nis /X + my+nz=p

Parallel and perpendicular planes :
Two planesa, x+b,y+cz+d =0anda,x+b,y+c,z+d,=0are

a b, ¢ a, b

. . o1 -1 _ 71 P e 21— 71
Perpendicularifa,a, + b,b, + c,c, = 0, parallel if a, b, ¢, and Coincident if a, b,

c, _d;
c, d,

Angle between a plane and a line is the complement of the angle between the normal to the plane and

Line : 7

_ =a+Ab _ b.n
the“ne'IfPIane: Fh—d thencos(90—e)=sme=lBl.lﬁl.

where 0 is the angle between the line and normal to the plane.

ax, + by, +cz; +d

Va2 +b% +¢2

Length of the L°" from a point (x,, y,, z,) to aplaneax + by + cz+d =0isp =

dl_dZ

va?+b?+c?

Distance between two parallel planesax + by + cz+d, =0andax+ by +cz+d,=0is

Planes bisecting the angle between two planesa,x + b,y + c;z+d, =0anda,x+byy+c,z+d,=0

ax+by+c,z+d, . a,x+b,y+c,z+d,
JaZ +b? +c? JaZ +b? +c?

is given by of these two bisecting planes, one bisects

the acute and the other obtuse angle between the given planes.

Equation of a plane through the intersection of two planes P, and P, is given by P, + AP, = 0

MoTiON:
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THREE DIMENSIONAL GEOMETRY (3-D) | Page # 11

Ex.8 Reduce the equation of the plane x + 2y - 2z - 9 = 0 to the normal form and hence find the length
of the perpendicular drawn form the origin to the given plane.

Sol. The equation of the given planeisx + 2y -2z2-9=0
Bringing the constant term to the R.H.S., the equation becomes x + 2y - 2z =9 ..(1)
[Note that in the equation (1) the constant term 9 is positive. If it were negative, we would have
changed the sign throughout to make it positive.]
Now the square root of the sum of the squares of the coefficients of x, y, z in (1)

= JO?+ (22 +(-2)2 =0 =3.

1 2 2
Dividing both sides of (1) by 3, we have EX+§Y—§Z =3. o (2)
The equation (2) of the plane is in the normal form /x + my + nz = p.

Hence the d.c.'s ¢, m, n of the normal to the plane are and the length p of the

N |-
wIlN
wN

perpendicular from the origin to the plane is 3.

Ex.9 Find the equation to the plane through the three points (0, -1, -1), (4, 5, 1) and (3, 9, 4).
Sol. The equation of any plane passing through the point (0, -1, -1) is given by

alx-0)+b{y-(-1)}+c{z-(-1)}=0or ax+b(y+1)+c(z+1)=0 (1)
If the plane (1) passes through the point (4, 5, 1), we have4a + 6b + 2c =0 e (2)
If the plane (1) passes through the point (3, 9, 4), we have 3a + 10b + 5¢ =0 ...(3)

a b ¢
30-20 6-20 40-18

Now solving the equations (2) and (3), we have A (say).

a=10), b =-14)%, c = 22}.
Putting these value of a, b, cin (1), the equation of the required plane is given by
AM10x - 14(y + 1)+ 22(z+1)]=0 or 10x-14(y+1)+22(z+1)=0 or5x-7y +11z+ 4 =0.

Ex.10 Find the equation of the plane through (1, 0, -2) and perpendicular to each of the planes
2Xx+y-z-2=0andx-y-z-3=0.
Sol. The equation of any plane through the point (1, 0, -2) is

a(x-1)+b((y-0)+c(z+2)=0. ...(1)
If the plane (1) is perpendicular to the planes 2x + y-z-2=0and x-y -z - 3 = 0, we have
a(2)+b(l)+c(-1)=0i.e,2a+b-c=0, ..(2)
anda(l) + b(-1) + c(-1) =0i.e,a-b-c=0. ...(3)
3 1
Adding the equation (2) and (3), we have c = Ea. Subtracting (3) from (2), we have b = - > a.

Putting the values of b and c in (1), the equation of the required plane is given by

1 3
a(x—1)—an+ Ea(z+2)=0 or 2x-2-y+3z+6=0 or 2x-y+3z+4=0.
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Ex.11

Find the equation of the plane passing through the line of intersection of the planes
2x -7y +4z=3,3x -5y + 4z + 11 = 0, and the point (-2, 1, 3)

Sol. The equation of any plane through the line of intersection of the given plane is
(2x -7y +4z-3)+ 1 (3x-5y+4z+ 11) = 0. (1)
If the plane (1) passes through the point (-2, 1, 3), then substituting the co-ordinates of this point in
the equation (1), we have
{2(-2)-7(1) +4(3) -3} +2{3(-2)-5(1)+4(3)+1}y=0 or (-2) +A(12) =0 or A =1/6.
Putting this value of A in (1), the equation of the required plane is
(2x -7y +4z-3)+(1/6) (3x -5y +4z+11)=0 or 15x - 47y + 28z =7.
Ex.12 A variable plane is at a constant distance 3p from the origin and meets the axes in A, B and C. Prove
that the locus of the centroid of the triangle ABC is x™2 + y=2 + z72 = p~2,
Sol. Let the equation of the variable plane be x/a + y/b + z/c=1.  ..... (1)
It is given that the length of the perpendicular from the origin to the plane (1) is 3p.
! 1 1. 1.1
3= Jwa?+ub?+1c?) O 9p? a2 b2 ¢t ()
The plane (1) meets the coordinate axes in the points A, B and C whose co-ordinates are respectively
given by (a, 0, 0), (0, b, 0) and (0, O, c). Let (x, y, z) be the co-ordinates of the centroid of the
triangle ABC. Thenx=(a+0+0)/3,y=(0+b+0)/3,z=(0+ 0+ ¢)/3
i 1 = lb 1 g =3x,b=3 =3 3
|.e.,x—3a,y—3 ,z—3c. o a=3x,b=3y,c=3z. ... (3)
The locus of the centroid of the triangle ABC is obtained by eliminating a, b, c between the equation
(2) and (3). Putting the value of a, b, ¢ from (3) in (2), the required locus is given by
1 1 1
—=——St—F+t—For X?+y?2+4+2z?2=p32
9p2 9x? 9y2 972 y P
Ex.13 Show that the origin lies in the acute angles between the planes x + 2y + 2z - 9 = 0 and
4x -3y + 12z + 13 = 0. Find the planes bisecting the angles between them and point out the one which
bisects the acute angle.
Sol. In order that the constant terms are positive, the equations of the given planes may be written as
-X=-2y-2z+9=0 ...(1) and 4x-3y+ 122+ 13 =0.
We have aja, + b;b, + ¢;¢c;, = (-1).4 + (-2). (-3) + (-2).(12) = -4 + 6 - 24 = - 22 = negative.
Hence the origin lies in the acute angle between the planes (1) and (2)
The equation of the plane bisecting the angle between the given planes (1) and (2) when contains the
X—-2y-272+9 A4x-3y+12z+13
ongnis — Ja+4+4) J(16 +9 +144)
or 13(-x-2y-2z+9)=3(4x-3y+ 12z + 13) or 25x+17y+62z-78=0 ...(3)
We have proved above that origin lies in the acute angle between the planes and so the equation (3)
is the equation of the bisector plane which bisects the acute angle between the given planes.
M 0T<i>0 Nxzx;:gr;“;; 394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
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The equation of the other bisector plane (i.e., the plane bisecting the obtuse angle) is

 X=2y-2z+9  4x-3y+12z+13
Ja+4+4) J(16+9+144) or

X + 35y - 10z - 156 = 0 ()

the equation (3) and (4) given the planes bisecting the angle between the given planes and the
equation (3) is the bisector of the acute angle.

Ex.14 The mirror image of the point (a, b, c) about coordinate planes xy, xz and yz are A, B and C. Find the
orthocentre of the triangle ABC.

Sol. Let the point P be (a, b, c) = A=(a,b,-¢c),B=(a, -b,c)and C=(-a, b, ¢)
Let the orthocentre of AABC be H = (%, vy, z)

= (x-a)a)+(y-b)(-2b)+(z+c)0=0 = ax - by =a?-Db? ...(1)
Similarly, by - cz = b? - ¢? ...(2)

x-a y-b z+c A(a, b, —)
Also | O 2b -2c | =0 (As A, B, Cand H are coplanar)

-2a 0 2c

H(x)
= bcx + acy + abz = abc ..(3)
for solving (1), (2) and (3),
B(a,—b, c) C(-a, b, c)

a b 0 a>-b> b 0
D=|0 b —c|=ah?+bx?+ax?,D, = |b°-c® b —c|=a?(b?+ ) - b2

bc ac ab abc ac ab

= Similarly D, = b*(c®* + a%) - a?c*> and D, = c*(a’ + b?) - a’b?

a?(b? +c?)-b%? b?*(c?+a?)-a’c? c?(a’+b?)-a’? J

= Orthocentre is H = , ;
[azb2 +b%c? +c%a® a’h® +b’c? +ca’ a’v® +b’c? +c%a’

F. STRAIGHT LINE

(i) Equation of a line through A(x,, y,, z,) and having direction cosines ¢/, m , n are

X=Xy _Y=¥1_2-2
4 m

and the lines through (x,, y,, z,) and (x,, v,, Z,)

X=X _ Y=Y _2-7%
Xo =Xy Yo—=Y1 Z,-Z4

(ii) Intersection of two planesa,x+ by +cz+d, =0andax + b,y + ¢,z + d, = 0 together represent
the unsymmetrical form of the straight line.

X=Xy _ Y=Y _2-2

(iii) General equation of the plane containing the line 7 m N is
Ax-x,)+B(y-y)+c(z-2)=0 where Ay + bm + cn = 0.
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Ex.15 Show that the distance of the point of intersection of the line

(iv) Line of Greatest Slope
AB is the line of intersection of G-plane and H is the h

orizontal plane. Line of greatest slope on a given plane, G-plane
drawn through a given point on the plane, is the line /P
through the point ‘P’ perpendicular to the line of A
intersection of the given plane with any horizontal Q

H-plane
plane. B

X-2 y+1 z-2

and the plane

3 4 12
X -y + z =5 from the point (-1, -5, -10) is 13.
) ) ) X-2 y+1 z-2
Sol. The equation of the given line are = = = r (say). (1)
3 4 12
The co-ordinates of any point on the line (1) are (3r + 2, 4r- 1, 12 r + 2). If this point lies on the plane
XxX-y+z=5 wehave3r+2-(4r-1)+12r+2=5,0r11lr=0,0rr=0.
Putting this value of r, the co-ordinates of the point of intersection of the line (1) and the given plane
are (2, -1, 2).
The required distance = distance between the points (2, -1, 2) and (-1, -5, -10)

= J@+1?2+(1452+(2+102 =  /(9+16+144) = /(169) =13

Ex.16 Find the co-ordinates of the foot of the perpendicular drawn from the origin to the plane 3x + 4y - 62z
+ 1 = 0. Find also the co-ordinates of the point on the line which is at the same distance from the foot
of the perpendicular as the origin is.

Sol. The equation of the planeis 3x + 4y - 6z + 1 = 0. (1)
The direction ratios of the normal to the plane (1) are 3, 4, -6. Hence the line normal to the plane (1)
has d.r.'s 3, 4, -6, so that the equations of the line through (0, 0, 0) and perpendicular to the plane (1)
are x/3 =y/4 =z/-6 =r (say) e (2)
The co-ordinates of any point P on (2) are (3r, 4r, — 6r) w..(3)
If this point lies on the plane (1), then 3(3r) + r(4r) - 6(-6r) + 1 =0, orr=-1/61.
Putting the value of r in (3), the co-ordinates of the foot of the perpendicular P are (-3/61, -4/61, 6/61).
Now let Q be the point on the line which is at the same distance from the foot of the perpendicular as
the origin. Let (x;, Y4, Z;) be the co-ordinates of the point Q. Clearly P is the middle point of OQ.

X,#+0_ 3 y,+0_4 z,+0_ 6 Q
Hence we have 5 61 2 61 2 61
or x,=6/61,y, = -8/61,z, = 12/61. / P /
. The co-ordinates of Q are (-6/61, -8/61, 12/61). °
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Ex.17 Find in symmetrical form the equations of the line3x + 2y -z-4=0&4x+y-2z2+3=0
and find its direction cosines.

Sol. The equations of the given line in general formare 3x + 2y -z-4=0&4x+y-22+3 =0 ..(1)
Let 7/, m, n be the d.c.'s of the line. Since the line is common to both the planes, it is perpendicular to
the normals to both the planes. Hence we have 3/ + 2m -n=0, 4/+ m-2n = 0.

m n Lo.m n_\/(€2+m2+n2) 1

4+1 —4+6 3-8 B B

Solving these, we get

3 2 5 J9+4+25 438)

3 2 5
the d.c.’s of the line are - J(38) ' J38) T J(38)

Now to find the co-ordinates of a point on the line given by (1), let us find the point where it meets the
plane z = 0. Putting z = 0 i the equations given by (1), we have3x + 2y -4 =0,4x+y + 3 = 0.

= y =
6+4 -16-9 3-8

Solving these, we get ,orx=-2,y =05,

) ) o . . X+2 y-5 z-0
Therefore the equation of the given line in symmetrical form is 3 = 5 = 5 -

Ex.18 Find the equation of the plane through the line 3x -4y + 52 =10, 2x + 2y -3z =4
and parallel to the line x = 2y = 3z.

Sol. The equation of the given line are 3x -4y + 5z = 10, 2x + 2y -3z =4 ...(1)
The equation of any plane through the line (1) is (3x -4y + 5z-10) + A (2x + 2y -3z-4) =0
or B3+2M)Xx+(-4+20)y+(5-30)z-10-41=0. ...(2)
. . . X_y_2Z.
The plane (1) will be parallel to the line x = 2y = 3z i.e. EZEZE if

4
(3+20).6+(-4+20).3+(5-30).2=0 or x(12+6—6)+18—12+10=Oorx=—§.
Putting this value of A in (2), the required equation of the plane is given by

8 8 16
(3—§jx+(—4—§)Y+(5+4)2—10+?=0 or x-20y+27z=14.

Xx-1 y-2 z-2
1 1 -2

Ex.19 Find the equation of a plane passing through the line and making an angle of 30°

with the planex +y + z = 5.
Sol. The equation of the required planeis(x -y + 1)+ A (2y+z-6)=0=>x+2Lr-1)y+2rxz+1-61=0
Since it makes an angle of 30° withx +y +z =5

|1+ (A -D+2] 43
T B2 + (20 -1

T2 = I8 =350 —4p+2 = 42 =50-4L+2

S M -4+2=0=20=2% f2)=>(x-y+1)+(2+ ,/2)(2y + x-6) = 0 are two required planes.
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Ex.20

Prove that thelines3x + 2y +z-5=0=x+y-2z-3and2x-y-z=0=7x+ 10y - 8z - 15 are
perpendicular.

Sol. Let/,, m;, n, be thed.c.s of the first line. Then 3/, + 2m, + n, = 0, /; + m, - 2n,; = 0. Solving, we get
'gl — ml — nl Orf_l—ﬂ—n_
-4-1 1+6 3-2 -5 7 1’
Again let /,, m,,n, be the d.c.'s of the second line, then 2/, - m, - n, =0, 7/, + 10m, - 8n, = 0.
. 2 m; ny lp _mp N
= = or=——=—=%= .
Solving, g 0" 7716 2047 2 1 3
Hence the d.c.’s of the two given lines are proportional to -5, 7, 1 and 2, 1, 3. We have
-52+7.1+1.3=0 .. the given lines are perpendicular.
Ex.21 Find the equation of the plane which contains the two parallel lines
x+1: y—-2 :Eandx_g :y+4 _ z—l.
3 2 1 3 2 1
Sol. The equation of the two parallel lines are
(x+1)3=(y-2)2=(z-0)/1 (1) and (x-3)/3=(y+4)/2=(z-1)/1.....(2)
The equation of any plane through the line (1) is
alx+1)+b(y-2)+cz=0, ....(3) where 3a + 2b + c = 0. ....(4)
The line (2) will also lie on the plane (3) if the point (3, -4, 1) lying on the line (2) also lies on the plane
(3), and for thiswehavea (3 + 1)+ b(-4-2)+c.1=0o0r4a-6b+c=0. ....(5)
Solvi 4 d (5 t a —9 L
olving (4) and (5), we ge 8 1 _26°
Putting these proportionate values of a, b, c in (3), the required equation of the plane is
8(x+1)+1.(y-2)-26z=0,0r8x +y-26+6=0.
. . . ) x-1 y-3 z-2
Ex.22 Find the distance of the point P(3, 8, 2) from the line 5 = 2 = 3 measured parallel to the
plane 3x + 2y -2z + 17 = 0.
Sol. The equation of the given line are (x - 1)/2 = (y - 3)/4 = (z - 2)/3 =, (say). ..(1)
Any point Q on the line (1) is (2r + 1, 4r + 3, 3r + 2).
Now P is the point (3, 8, 2) and hence d.r.'s of PQ are
2r+1-3,4r+3-8,3r+2-2i.e.2r-2,4r-5, 3r.
It is required to find the distance PQ measured parallel to the plane 3x + 2y -2z + 17 =0 ...(2)
Now PQ is parallel to the plane (2) and hence PQ will be perpendicular to the normal to the plane (2).
Hence we have (2r-2) (3) + (4r-5)(2) + (2r) (-2) =0o0r 8r-16 =0, 0orr = 2.
Putting the value of r, the point Q is (5, 11, 8) = \/[(3_5)2 +(8-11)2+(2-8)°] =+/(4+9+36)=7.
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Ex.23 Find the projection of theline3x -y +2z=1,x+ 2y -z=2ontheplane3x + 2y + z = 0.

Sol. The equations of the givenlineare3x -y +2z=1,x+2y -z = 2. (1)
The equation of the given plane is 3x + 2y + z = 0. . (2)
The equation of any plane through the line (1) is(3x -y +2z2-1)+ A(x+2y-2-2)=0
or B+AM)x+(-1+20)y+(2-A)z-1-22=0 ...(3)

3
The plane (3) will be perpendicular to the plane (2), if 3(3+ A)+ 2(-1+20)+1(2-2)=0o0ri = - 3

Putting this value of A in (3), the equation of the plane through the line (1) and perpendicular to the

3 3
plane (2) is given by [3_ij+(—1 -3)y + (ZJFEJ z-14+3=0o0r 3x-8y+72z+4=0. ....(4)

. The projection of the given line (1) on the given plane (2), is given by the equations (2) and (4)
together.

4 2
X
Note : The symmetrical form of the projection given above by equations (2) and (4) is S _ 5 _
11

x-1 y+1 z-3
-1 4

Ex.24 Find the image of the line inthe planex + 2y + z = 12

Sol. Any point on the given lineis 2r + 1, -r - 1, 4r + 3. If this point lies on the planes,

then2r+1-2r-2+4r+3=12=r=

N | o

7
Hence the point of intersection of the given line and that of the plane is [6,—?13j .

Also a point on the line is (1, -1, 3).

a-1 B+1 y-3
1 2 1

A

Let (o, B, y) be its image in the given plane. In such a case

= a=A+1,B=21-1,y=1i+ 3. Now the midpoint of the image and the point (1, -1, 3) lies on the

)

wl~

A A 10 8
plane i.e. [1+?7“_l3+5j lies in the plane = A = 3 Hence the image of (1, -1, 3) is (g

7
. oo x-6 YT 72-13 x5 Y5 713
Hence the equation of the required line is 10 _—35 25 Or 2 = - = 0
3 6 3
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Ex.25

Find the foot and hence the length of the perpendicular from the point (5, 7, 3) to the line
(x = 15)/3 = (y - 29)/8 = (z - 5)/(-5). Find the equations of the perpendicular. Also find the equation
of the plane in which the perpendicular and the given straight line lie.

Sol. Let the given point (5, 7, 3) be P.
The equations of the given line are (x - 15)/3 = (y - 29)/8 = (z - 5)/(-5)= r (say). ...(1)
Let N be the foot of the perpendicular from the point P to the line (1). The co-ordinates of N may be
taken as (3r + 15, 8r + 29, - 5r + 5). ..(2)
the direction ratios of the perpendicular PN are
3r+15-5,8r+29-7,-5r+5-3, i.e.are3r+ 10, 8r + 22, -5r + 2. ...(3)
Since the line (1) and the line PN are perpendicular to each other, therefore
3(3r+10)+8(8r+22)-5(-5r+2)=0 or 98r+196=0 or r=-2
Putting this value of r in (2) and (3), the foot of the perpendicular N is (9, 13, 15) and the direction
ratios of the perpendicular PN are 4, 6, 12 or 2, 3, 6.
the equations of the perpendicular PN are (x = 5)/2 = (y - 7)/3 = (z - 3)/6. ...(4)
Length of the perpendicular PN
= the distance between P(5, 7, 3) and N(9, 13, 15) = \/(9 -5)2 +(13-7)2 +(15-3)? = 14.
Lastly the equation of the plane containing the given line (1) and the perpendicular (4) is given by
x-15 y-29 z-5
3 8 -5 1 =0
2 3 6
or (x-15)(48 +15)-(y-29)(18+ 10)+(z-5)(9-16)=00r 9x-4y-z=-14=0.
Ex.26 Show that the planes 2x - 3y - 7z = 0, 3x - 14y - 13z = 0, 8x — 31y - 33z = 0 pass through the one
line find its equations.
2 -3 -7 0
Sol. The rectangular array of coefficient is |3 -14 -13 0 |,
8 -31 -33 -0
2 3 -7 2 -1 -1
We h A, = |3 -14 -13|=[3 -11 -4 + +
e have, A, 8 31 33| |a 23 o (by C, + C4, C, + 3C))
0 0o -1
=| 5 -7 -4 =-1(70-70)=0 by C; + 2C,, C, - C
10 -14 -9 ( )=0, (by €, 2 G2 = G)
since A, = 0, therefore, the three planes either intersect in a line or form a triangular prism.
2 -3 0
Now A; = |3 -14 0| =0 Similarly A, = 0and A, = 0,
8 -31 0
Hence the three planes intersect in a common line.
Clearly the three planes pass through (0, 0, 0) and hence the common line of intersection will pass
through (0, 0, 0). The equations of the common line are given by any of the two given planes.
Therefore the equations of the common line are given by 2x - 3y - 7z =0 and 3x - 14y - 13z = 0.
th tric f f the line is gi b X - y —ZOFX—X—Z
e symmetric form of the line is given by 30-98 —21+26 -—28+92_50 5 _19°
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Ex.27 For what values of k do the planes x-y+z+1=0,kx+3y+2z-3=0,3x+ky+z-2=0

(i) intersect in a point ; (ii) intersect in a line ; (iii) form a triangular prism ?

-1
3
k

WX
RN
W

Sol. The rectangular array of coefficients is

|
N

Now we calculate the following determinants

1 11 0O -1 O
A, = k 3 2|=|k+3 3 5
3 k 1 3+k k k+1
0 -1 O
=(k+3)j1 3 5 |=(k+3)(k+1-5=(k+3)(k-4).
1 k k+1
1 -1 1 0O -1 0
A, =|k 3 -3|=|k+3 3 0
3 k -2 3+k k -2
11 1 0O 1 0
A, =|k 2 3|=|k=2 2 -5
31 -2 2 1 -3

= —{(k - 2) (-3) + 10} = 3k - 16,

-11 1 0 11
andA;=(3 2 3= 0 2 -3
k 1 -2 k-2 1 -2

(adding 2nd column to 1st and 3rd)

= (k + 3) (k = 2), (adding 2nd column to 1st and 3rd)

(adding (-1) times 2nd column to 1st and 3rd)

=-5(k-2) (adding 3rd column to 1st)

(i) The given planes will intersect in a point if A, # 0 and so we must have k # -3 and k = 4. Thus the
given planes will intersect in a point for all real values of k other than -3 and 4.
(ii) If k = -3, we have A, = 0, A; = 0 but A, # 0. Hence the given planes will form a triangular prism if

k=-3.

(iii) If k = 4, we have A, = 0 but A; = 0. Hence the given planes will form a triangular prism if k = 4.

We observe that for no value of k the given planes will have a common line of intersection.

Ex.28 Find the equation of the line passing through (1, 1, 1) and perpendicular to the line of intersection of

the planes x + 2y -4z =0and 2x -y + 2z = 0.

Sol. Equation of the plane through the lines x + 2y -4z =0and 2x -y + 2z =0 s

X+2y-4z+21(2x-y+22)=0 ...(1)
If (1, 1, 1) lies on this plane, then -1 + 34 =0

= A=

Wk

, SO that the plane becomes 3x + 6y - 122+ 2x -y +2z2=0 = X+y-2z=0 ....(2)
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Also (1) will be perpendicularto (2) ifl1+20+2-A-2(-4+2\) == A= 3
= Equation of plane perpendicular to (2) is5x -y + 2z = 0. ...(3)
Therefore the equation of line through (1, 1, 1) and perpendicular to the given line is parallel to the

x-1 y-1 z-1
5 -1 2

normal to the plane (3). Hence the required line is

Alternate:

X z
Solving the equation of planes x + 2y -4z = 0 and 2x -y + 2z = 0, we get 6:—_10:—_5 ..(1)
Any point P on the line (1) can be written as (0, =104, -52).

Direction ratios of the line joining Pand Q(1, 1, 1)is (1, 1, + 102, 1 + 52).

Line PQ is perpendicular to line (1) = 0(1)-10(1+100)-5(1+50) =0

_ oL 15 -8 (082
= 0-10-100L-5-25x=0 or 1250+ 15=0 = = 125 ~ 25 = P= '5'g

-2

o ] 1 _ ] x-1 y-1 z-1
Direction ratios of PQ = _lgv? . Hence equations of lien are = = .

5 -1 2

X-3 y-8 z-3 x+3 y+7 z-6

Ex.29 Find the shortest distance (S.D.) between the lines 3 11 '_3 5 2
Find also its equations and the points in which it meets the given lines.
Sol. The equations of the given lines are (x - 3)/3 = (y - 8)/-1 = (z - 3)/1 = r; (say) ..(1)
and (x + 3)/(-3) = (y +7)/2 =(z-6)/4 =, (say) ...(2)
Any point on line (1) is (3ry + 3, -r; + 8, r; + 3), say P. ...(3)
any point on line (2) is (-3r, - 3, 2r, = 7, 4r, + 6), say Q. ..(4)
The d.rs of the line PQ are (-3r, - 3) - (3r; + 3), (2r, = 7) = (-r; + 8), (4r; + 6) = (r; + 3)
or -3r,-3r;—-6,2r, +r;-15,4r,-r; + 3. ...(5)
Let the line PQ be the lines of S.D., so that PQ is perpendicular to both the given lines (1) and (2), and
sowehave 3 (-3r,-3r;, -6)-1(2r, +r; -15)+ 1. (4r,-r; +3)=0
and -3(-3r,-3r; -6)+2. (2R, +r; -15)+4(4r,-r; +3) =0
or -7ry-11r, =0and11lr, + 7r; = 0. Solving these equations, we getr; = r, = 0.
Substituting the values of r; and r, in (3), (4) and (5), we have P(3, 8, 3), Q(-3, -7, 6)
And the d.rs of PQ (the line of S.D.) are -6, -15, 3 or -2, -5, 1.
The length of S.D. = the distance between the points P and Q = [(-3-3)% + (-7 -8)% + (6-3) =330 -
Now the line PQ of shortest distance is the line passing through P(3, 8, 3) and having d.r's -2, -5, 1
dh it . ) b x—3_y—8_z—30rx—3_y—8_z—3
and hence its equations are given by 5 5 1 5 5 1
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Ex.30

Sol.

Ex.31

Sol.

A square ABCD of diagonal 2a is folded along the diagonal AC so that the planes DAC, BAC are at right
angles. Find the shortest distance between DC and AB.

ABCD is a square of diagonal 2a, so that AC = BD = 2a. Let D

0O, the centre of the square, be chosen as origin of co-

ordinates and the diagonal CA be taken along x-axis. Hence I

<V

the co-ordinates of the vertices A and C are

(a, 0, 0) and (-a, 0, 0) respectively.
Now as given in the problem, the square is folded over B
along the diagonal AC so that the planes DAC and BAC are
at right angles. This implies that the lines OB and OD become
at right angles. Also OA is perpendicular to the plane DOB.
Hence the lines OA, OB, OD are mutually orthogonal. Let us 1D(0,0,)
now take OB and OD as y

and z axes respectively. (—2,0,0)
. The co-ordinates of B and D are (0, a, 0) and (0, 0, a) C = > X
respectively. Sl A(*,0,0)
/ B(0,2,0)
) x-a y-0 z-0 by
The equations to AB are = a = o (1)
. x-0 y-0 z-a
The equation to DC are = == ... (2)

0 a

The equation of any plane through DC and parallel to AB [i.e. through the line (2) and parallel to the
x-0 y-0 z-0
a 0 a
a -a 0

line (1)] is =0orx(a?)-y(-a?)+(z-a)(-a2)=0orx+y-z+a=0 ...(3)

The S.D. between DC and AB
= the length of perpendicular from a point (a, 0, 0) on AB [i.e. (1)] to the plane (3)

a+0-0+a 2a

T (7 3

Find the condition that the equation ¢(x, y, z) = ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0 may represent
a pair of planes, passing through the origin

Since it passes through the origin, let it represent the planes

(,x+my+nz=0 (1) and /,x+m,y+n,z=0 --(2)

= ax*+by*+cz?22fyz+2gzx+2hxy=(/,x+my+nz)(/,x+m,y+n,z)=0
comparing the coefficients of x?, y?, z?, yz, zx and xy of both sides, we get,

(i l,=a, m m,=b;n n,=c¢;

mn,+m,n =2f;n, /,+ n/ =2gand/ m,+/,m =2h ...(3)
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Ex.32

04 ¢, 0O lp 1 0
consider the product of two zero determinants [My Mz 0| = 0 and m 0l =¢
N ny, nz M
04 fy O] |, ¢, 0 2090 £4My + LMy f4Np + LNy
i.e. [mg my O|xmy my O| =Qor| ¢(My+fom  2mm, MmN, +Myny | = 0
nony Of [ny (o + 0,0 My +mon; 204N,
putting the values of 7, /,, m, m, ...... etc. from (4), we get
2a 2h 2g a h g
2h 2b 2f |=0orlh b f| =0 ie,.abc+2fgh-aff-bg?-ch?2=0
2g 2f 2c g f c

which is the required condition for ¢ (X, y, z) = 0 to represent pair of planes passing through origin.

Prove that the product of distances of the planes represented by

o(a,b,c)
— 2 2 2 = i
dx,y,z) =ax®?+by?+cz2+2fyz+2gzx+2hxy=0from(a, b, c)is \/Zaz+42h2—22ab

Sol. Let the equation of two planesbe a, x + B,y +y,z=0anda,x + B,y +vy,z=0
So, that ¢(x, y, z2) =(a, x + B,y + v, 2) (e, x + B,y +v,2) =0 (1)
Comparing the coefficients, we get o, a, =a, B, B, =b,y,v,=c¢
B,v,+B,y,=2F; Yo, +yv,0, = 2g;0p,+B,0a =2h
Let p, and p, be the perpendiculars distances of the point (a, b, c) from the two planes then
oa+pb+y,c| | aa+pBb+y,C
PP | Jod 4 gt eyt || ol +p2 v
(05058% + ByBob® +117,6) (0B, + Byoty)ab + By, + Boyy)bC + (047, + 0py)ac
- \/a1a2 + Bfﬁg + Vf“/z + (0C1B2 + alBZ) + (B1Y2 + V1B2) + (Ylaz + 0‘1?’2)
a.a’+b.b?+c.c?+2hab+ 2fbc + 2gac d(a,b,c)
| 2 b2+ e+ Y [, +Bo0y)? ~ 2040, Bi,] | T | D@ + Y [4h? — 2ab)]
¢(a,b,c)
= PP = \/Zaz +a) h*-2%"ab
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Ex.33 From a point (1, 1, 21), a ball is dropped onto the plane x + y + z = 3, where X, y-plane is horizontal

and z-axis is along the vertical. Find the co-ordinates of the point where the ball hits the plane the
second time. (use s = ut - 1/2gt? and g = 10 m/s?)

Sol. Since it falls along the vertical, the x-y coordinates of the ball will not change before it strikes the

plane =  If Q be the point where the ball meets the plane 1t time, then Q=(1, 1, 1)

Speed of the balls just before striking the planeis \/2x10x20 = 20 m/s.

1 1 22
Now let 6 be the angle between PQ and normal to the plane = cos 6 = ﬁ = C0s 20 = Y sin 20 = 3
Now component of velocity in the direction of z-axis after it strikes the plane
Y 20
- _ in|20——|=——
20 sin [ 2] 3 m/s
P(1, 1, 21)
Hence in 't’' time the z-coordinate of ball becomes
1 Zot L o =1 20 t - 52
- —1l—— X = - — —
3 2 3 a .
The component of velocity in x-y plane is
T 20x 242 4042
20 cos (29_5) = 20 sin 20 = . */_: \/_
3 3
) ) 40 . 40
Using symmetry, the component along the x-axis = 3 & the component along the y-axis = 3
4
Hence x and y coordinates of the ball after t time = 1 + 3 t
40 40 20
= after t time the coordinate of the ball will become [1+?t,1+?t,1—?t—5t2)
80, 20
Its lies on the plane ?t—?t—ﬁz =0 =20t-52=0 = t=4
163 163 -317
= coordinate of the point where the ball strikes the plane the second time = 3 ' 3" 3
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